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Figure: Equilibrium (white), under- (blue), and over- (red) pressure
(Blondin et al., 2003).
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Figure: Equilibrium (white), under- (blue), and over- (red) entropy
(Blondin et al., 2003).
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d+1 Decomposition

ds2 = gµν dx
µ dxν

g: spacetime metric on M

gµν =



−α2 + βkβk βj

βi γij




γ: spatial three-metric on Σt

0 < α ≤ 1: Lapse Function

n: Eulerian four-velocity

(g (n, n) = n · n = −1)

(Also, K: Extrinsic curvature)
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Conformally-Flat Condition

Wilson et al. (1996); Cordero-Carrión et al. (2009)

γij = ψ4 γ̄ij

1 ≤ ψ < 2: Conformal factor

γ̄ij = diag
(
1, r2, r2 sin2 θ

)

(Also, K := Trγij
(
K
)
= ∂tK = 0)
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Isotropic Coordinates (c = G = 1)

Baumgarte and Shapiro (2010)

α (r) = 1−rSc/r
1+rSc/r

ψ (r) = 1 + rSc
r

r > rSc :=M/2
(
= GM/

(
2c2

))

(rarealSc := 2GM/c2 = 4 rSc)

βi = 0

Kij = 0

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 10 / 35



Isotropic Coordinates (c = G = 1)

Baumgarte and Shapiro (2010)

α (r) = 1−rSc/r
1+rSc/r

ψ (r) = 1 + rSc
r

r > rSc :=M/2
(
= GM/

(
2c2

))

(rarealSc := 2GM/c2 = 4 rSc)

βi = 0

Kij = 0

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 10 / 35



Isotropic Coordinates (c = G = 1)

Baumgarte and Shapiro (2010)

α (r) = 1−rSc/r
1+rSc/r

ψ (r) = 1 + rSc
r

r > rSc :=M/2
(
= GM/

(
2c2

))

(rarealSc := 2GM/c2 = 4 rSc)

βi = 0

Kij = 0

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 10 / 35



Isotropic Coordinates (c = G = 1)

Baumgarte and Shapiro (2010)

α (r) = 1−rSc/r
1+rSc/r

ψ (r) = 1 + rSc
r

r > rSc :=M/2
(
= GM/

(
2c2

))

(rarealSc := 2GM/c2 = 4 rSc)

βi = 0

Kij = 0

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 10 / 35



Isotropic Coordinates (c = G = 1)

Baumgarte and Shapiro (2010)

α (r) = 1−rSc/r
1+rSc/r

ψ (r) = 1 + rSc
r

r > rSc :=M/2
(
= GM/

(
2c2

))

(rarealSc := 2GM/c2 = 4 rSc)

βi = 0

Kij = 0

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 10 / 35



Fluid Equations

Units defined such that c = G = 1

∇ · J = 0 (J : baryon mass density current four-vector)

∇ · T = 0 (T : Rank (2, 0) stress-energy tensor)

J := ρ u (ρ: comoving baryon mass density)

T := ρ hu⊗ u+ p g (p: comoving thermal pressure,

h := 1 + (e+ p) /ρ: specific enthalpy, e: comoving internal energy
density)

Five equations with six unknowns /

Close with an equation of state: p = p (e) := (Γ− 1) e, Γ = 4/3
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Valencia Decomposition

Extensible to higher-rank tensors!
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Valencia Decomposition

E := nµ′ nν′ T
µ′ν′

Sµ := −γµµ′ nν′ T
µ′ν′

Pµν := γµµ′ γνν′ T
µ′ν′

Math...
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Valencia Decomposition

∂tU +
1
√
γ
∂i

[
α
√
γ F i (U)

]
= S (U)

GR

U := (D,Sj , τ)
⊤

D := ρW

Sj := ρ hW 2 vj

τ := E−D = ρ hW 2−p−ρW
α = (1− rSc/r) / (1 + rSc/r)
√
γ = ψ6√γ̄

NR

U :=
(
DNR, S

NR
j , τNR

)⊤

DNR := ρ

SNR
j := ρ vj

τNR = e+ 1
2 ρ v

i vi

αNR = 1
√
γNR =

√
γ̄
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Valencia Decomposition

∂tU +
1
√
γ
∂i

[
α
√
γ F i (U)

]
= S (U)

GR

F i (U) =


ρW vi

ρ hW 2 vi vj + p δij
(
ρ hW 2 − ρW

)
vi




NR

F i (U) =


ρ vi

ρ vi vj + p δij
(
ρ hNR + 1

2 v
j vj

)
vi
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Valencia Decomposition

∂tU +
1
√
γ
∂i

[
α
√
γ F i (U)

]
= S (U)

GR

S (U) =


0

1
2 αP ik ∂j γik − E ∂j α

−Sj ∂j α



NR

S (U) =


0

1
2 P ik ∂j γ̄ik − ρ ∂j Φ

−Sj ∂j Φ


Φ (r) := −M/r
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Steady-State Solutions (pre-shock)

�
��*

0
∂tU +

1
√
γ
∂r [α

√
γ F r (U)] = S (U)

GR

αψ6W × 4π r2 ρ v = −Ṁ
αhW = B
p = K1 ρ

Γ

NR

4π r2 ρ v = −Ṁ
1
2 v

2 + hNR +Φ = BNR

p = K1 ρ
Γ
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Jump Conditions

U1 ̸= U2

F r (U1) = F r (U2)

Yields:

ρ2 > ρ1

e2 (p2) > e1 (p1)

K2 > K1

|vr2| < |vr1|
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Steady-State Solutions (post-shock)
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η (r) := r−RPNS
RSh−RPNS

δp(η,θ)
p(ηc)

=

10−6 × exp
[
−(η−ηc)

2

2σ2

]
cos θ

ηc = 0.75

σ = 0.05
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Parameter Space

Model parameters:
MPNS, RPNS,
RSh (t = 0), Ṁ , K1,
B(NR), Γ

Parameters we varied:
ξ =
(MPNS/M⊙) / (RPNS/20 km)
(O’Connor and Ott,
2011), RSh (t = 0)
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A := 1
sin θ

∂
∂θ

(
vθ sin θ

)
(Scheck et al., 2008) <movie>

A (r, θ, t) =
∞∑

ℓ′=0

Gℓ′ (r, t)Pℓ′ (cos θ)

=⇒ Gℓ (r, t) :=
1
Nℓ

π∫
0

A (r, θ, t) Pℓ (cos θ) sin θ dθ

Hℓ (t) := 4π
rb∫
ra

[Gℓ (r, t)]
2 [ψ (r)]6 r2 dr <movie>
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F (t) = F (0) e2ω t sin2
(
2π t

T
+ δ

)

(Blondin and Mezzacappa, 2006)
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F r
θ := αψ6 hW 2 ×

√
γ̄ ρ vr vθ

F̃ r
θ = FFT {F r

θ }
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T defined as the unique T̃ such that F̃ r
θ

(
T̃
)
= 1

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 27 / 35



0 25 50 75 100

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
a
x

T̃

( F̃
1 2

)
M1.4_Rpns040_Rsh1.20e2

NR

GR

0 25 50 75 100

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
a
x

T̃

( F̃
1 2

)

M1.4_Rpns040_Rsh1.50e2

0 25 50 75 100

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
a
x

T̃

( F̃
1 2

)

M1.4_Rpns040_Rsh1.75e2

0 5 10 15 20

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
ax T̃

( F̃
1 2

)

M2.8_Rpns020_Rsh6.00e1

0 5 10 15 20

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
ax T̃

( F̃
1 2

)

M2.8_Rpns020_Rsh7.00e1

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 28 / 35



0 100 200

t [ms]

1011

1016

1021

1026
H

1
[c

gs
]

M1.4_Rpns040_Rsh1.20e2

NR

GR

0 100 200 300

t [ms]

1011

1016

1021

1026

H
1

[c
gs

]

M1.4_Rpns040_Rsh1.50e2

0 25 50 75 100

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
ax T̃

( F̃
1 2

)

M1.4_Rpns040_Rsh1.20e2

NR

GR

0 25 50 75 100

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
ax T̃

( F̃
1 2

)

M1.4_Rpns040_Rsh1.50e2

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 29 / 35



0 100 200

t [ms]

1011

1016

1021

1026
H

1
[c

gs
]

M1.4_Rpns040_Rsh1.20e2

NR

GR

0 10 20 30 40 50

t [ms]

1011

1016

1021

1026

H
1

[c
gs

]

M2.8_Rpns020_Rsh6.00e1

0 25 50 75 100

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
ax T̃

( F̃
1 2

)

M1.4_Rpns040_Rsh1.20e2

NR

GR

0 5 10 15 20

T̃ [ms]

0.00

0.25

0.50

0.75

1.00

F̃
r θ
/

m
ax T̃

( F̃
1 2

)

M2.8_Rpns020_Rsh6.00e1

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 30 / 35



1011

1016

1021

1026

NR_M1.4_Rpns040_Rsh1.20e2

NR_M1.4_Rpns040_Rsh1.50e2

NR_M1.4_Rpns040_Rsh1.75e2

GR_M1.4_Rpns040_Rsh1.20e2

GR_M1.4_Rpns040_Rsh1.50e2

GR_M1.4_Rpns040_Rsh1.75e2

0.0 2.5 5.0 7.5 10.0
1011

1016

1021

1026

NR_M2.8_Rpns020_Rsh6.00e1

NR_M2.8_Rpns020_Rsh7.00e1

0.0 2.5 5.0 7.5 10.0

GR_M2.8_Rpns020_Rsh6.00e1

GR_M2.8_Rpns020_Rsh7.00e1

t/T

H
1

[c
gs

]

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 31 / 35



Conclusions

0 10 20 30 40 50

t [ms]

1011

1016

1021

1026

H
1

[c
gs

]

M2.8_Rpns020_Rsh6.00e1

Samuel J. Dunham Astro-Particle Seminar August 30, 2023 32 / 35



Conclusions
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Summary

Extended study of Blondin and Mezzacappa (2006) to include GR

Showed that GR leads to longer SASI oscillation period than NR

Showed that GR leads to smaller SASI growth rate than NR

Found that growth rate is such that ω T is roughly constant for some
parameter sets: implications for growth rate mechanism

Future Work

Extend study to 3D
Include GR monopole (Marek et al., 2006)
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